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COST OF INSURANCE: A NOTE ON PUT 
VALUATION UNDER A CONSTRAINT 

Abstract 
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In the arrangement of a loan, a governmental guarantee of deposits can be made to banks. 
The issuing of the guarantee creates a cost on the guarantor . Evaluation of this cost has 
been made with the option pricing t heory (Merton (1977)). In this paper, we have added a 
more specific partition of liabilities of the bank and a constraint. The partition and constrain 
permit us deduce a possible modification of the cost of insurance using the same option pricing 
theory, based on the Karatzas and Shreve (1998) and Karatzas and Kou (1996) . 

Resumen 

En el acuerdo de un préstamo puede existir la garantía gubernamental para los bancos. El 
que exista una garantía crea un costo para el asegurado. La elevación de este costo se ha 
llevado a cabo con la teoría de valuación de opciones (Merton (1977)). En este artículo 
hemos agregado una partición más específica de los pasivos del banco y una restricción. La 
existencia de la partición y la restricción nos permite deducir una posible modificación del 
costo de aseguramiento. Esto se hace en Karatzas y Shreve (1998) y Karatzas y Kou (1996). 
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l. l ntroduction 

The cost of insurance has been identified with a valuation of a put option in 
Merton (1997). In that paper , we find a stochastic differential equation with a 
single Brownian motion and a direct application of the option pricing theory. 
However, t he portfolio of the bank, can be subdivided into different quality 
asset. Moreover , the investments of t he bank could find constraints of several 
types. One of these constraints , called rectangular is illustrated in this paper . 
An adaptation of t he model of Karatzas and Kou (1996) has been developed 
for the case of the deposit valuation. In section 2, we show the essentials of 
the theory and in section 3, the adaptation to the bank and insurance theory. 
Section 4, gives conclusions. 

2. Essentials of the T heory 

As an easy way to understand the concepts, we can check the two periods case as 
it is shown in Rochet and Freixas (1997). At t =O the bank pays the premium 
of deposit insurance. In the period t = 1, the depositors are compensated if t he 
bank assets are lesser than the liabilit ies. We can see this in Table l. 

Table l . 

as sets liabilities assets liabilities 

Loans L Deposits D Loan L Deposits D 
Repayments 

Insurance p Equity F Insurance s Liquidation V 
Premium Payment Value 

t = O t = 1 

The payment from the deposit insurance is: 

S = max{O, D - L} , (1) 

which can be seen as a put option on t he assets bank i with strike price D , 
(Merton (1977)). In that paper, the value of the banks assets follows a geometric 
random walk 

di / i = µdt + a-dW, (2) 

where W is a Brownian motion. The no arbitrage price of the deposit insurance 
in then calculated with t he known put formula of Black and Scholes. 

Now suppose that the total value of the assets is divided into parts Lo , L1 

, ··· ,id , which are of different quality and they are correlated , i.e., 

dLo(t) = Lo(t) r(t )dt , Lo(O) = 1 

d 

dii(t) = i i (t) [bi(t)dt + L O"ij(t)dW1(t)], ii(O) = li , 
j=l 

i = 1, 2, ... ' d. (3) 
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We will call Li the money lending in the ith loan. Under this specification note 
that 

1 d d 

Li(t) = liexp{(bi - 2 LuTj)t + LO"ijWj(t)} 
j= l j=l 

(4) 

(see Karatzas and Shreve (1988) ). So the movement of the value of each project 
through time is infiuenced by the noise of the other projects. 

Here W(t) = (W1(t) , · · · , Wd(t))* is a standard brownian motion in Rd. 
This entries represent independent sources of uncertainty. In this model, we 
ha ve a rate of growth ( deterministic) in the level of Li ( t), and the coefficient 
O"ij(t) is the infiuence (intensity) of the jth source of uncertainty on the ith 
asset. 

The Brownian motion W is defined on a complete probability space (O, F, 
P). The completation of the natural filtration Ftw = u (W ( s); O :::; s :::; t) will be 
denoted by {Ft}. It is assumed that the vector b(t) = (b1(t), b2 (t), · · ·, bd(t))* 
and the matrix u(t) = {uij(t)}1s i, i Sd, are progressively measurable with re
spect to { Ft} and uniformly bounded in (t, w) E [O, Tj x 0. Moreover , a condi
tion of nondegeneracy on the matrix a ( t) = u ( t )u' ( t) is necessary, related with 
the existence of a solution of (3) (Karatzas and Kou (1996)): 

\f(t, ~) E [O, T] x Rd. 

Without loss of generality we can suppose that the bond free of risk is Lo . If 
the total value of the assets is L, then 

- - - -
L = Lo+ Li + · · · + Ld 

and we introduce the constants 

Li 
Ai = -=-, i =O, 1, 2, ···d. 

L 

For each Li we have a respective put option, which can be written as 

Si=max{O , Di - Li}, i=0,1, · · ·,d, 

where D =Do+ Di+···+ Dd. 
Here, for i = O, 1, · · ·, d, Di = f (Li) is a function of each Li. As an easy 

example take Di = AiD. We know that 

.>.JJi = max{O, .>.iD - .>.iL}. 

So 

d d d 

L.>.i§i = L.>.imax{O, D - L} = max{O, D - L} LAi = max{O, D - L} = S. 
i=O i=O i=O 
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In general, we will suppose that Di = /iD, where ¿~=O /i = 1 and each /i is 
not necessarily equal to Ai-

3. The Model 

Now supposed that the bank is limited about the amount of money invested 
on the ith project. The key point is the constraint. In the context of stock 
options (Karatzas and Kou (1996), Karatzas and Shreve (1998)), the equivalent 
situation are the called rectangular constraints (Cvitanic and Karatzas (1993)) . 

The stochastic differential equation driven by the system (Karatzas and 
Kou (1996)) is 

d d 

dX (t) = X (t) [l - ~ 1ri(t)] ~o(~;) +~X (t)7ri(t) d~(~;) 
d d d 

= X(t) [l - L 7ri(t)]r(t)dt + ¿x(t)7ri(t)bi(t)dt + LO"ij(t)dWj(t) 
(5) 

i=l i = l j=l 

= X(t)r(t)dt + X(t)7r~a-(t)dW0 (t), X(O) = x >O, 

w here 7r i is the proportion of the total amount of money X ( t) invested in the 
ith project . 

In the case of rectangular constraints (see Karatzas and Shreve (1998), 
Rockafellar (1970)): K =Ji x I2 x · · · x IN, where IN = [an, ,Bn] and - oo ~ 
°'n ~O~ ,Bn ~ oo. It can be seen that the effective domain is Rn. In this case 
the support function is 

d d 

8(x) = L,Bixi - L°'ixt, (6) 
i = l i = l 

where x - = max{ - x, O} denotes the negative part of the real number x, and 
x + = max{x, O} is the positive part. 

In the general case (Cvitanic and Karatzas (1992)), the effective domain is 

- d 
K = {x E R ;xi 2: 0,\fi E 11+ ,and, xj ~ 0,\fj E 17 - } 

17+ = { i = 1, 2, ... 'd 1 ,Bi = CXJ} 

17 - = {i = 1, 2, · · · , d 1 °'j = -oo} 

For the case of the European put option where the underlying asset is driven 
by a single Brownian motion ( denoting the volatility a- 11 by a-) we have several 
cases (Karatzas and Shreve ( 1998) and equations ( 3), ( 4), ( 5)): 

(i) If a = - oo (the interval is open on the left) then ¡(x) = (x - D)+ , 

(ii)If a = O, then ¡(x) = D, 
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(iii) If - oo < a < O, 

a:D 
Ü <X< --, 

- a -1 

a:D 
:r; ;::: 

a - 1 

The value of the put is given by P * = e - rTE0 [¡(Li(O)exp{aW(T) + (r -
a 2 /2)T}]. As in Merton (1977), we can see t hat the option valuation is re
duced to the non constrained case when a = - oo. 

4. Conclusions 

The existence of constraints in the portfolio of a bank originates a variety of 
possible prices for the deposit of insurance. These prices are correct because 
they are free of arbitrage (see Karatzas and Kou (1996)). For the practitioners 
is necessary to know about these kind of results because the money lended in 
different quality loans is an important information. 
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