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The objective of this research is to compare the returns of the portfolios developed by the proposed
methodology called Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network against Markowitz’s
portfolio theory; to identify the best investment model. For this purpose, we used ten stock time series of the
Mexican market in daily format from January 2, 2015, to May 15, 2020, to get the portfolios every week from
May 15 to June 12, 2020. The principal result is that our methodology recognized the behavior of each share,
generates better risk management, and higher returns in comparison with the traditional techniques. The
recommendation is to evaluate other stocks and markets to verify the efficiency of our model, the limitation is
that a fundamental analysis must precede the tool, and the originality is the new technique proposed. The main
conclusion is that the portfolio selection model based on fuzzy neural networks generated two models that do
not have negative returns in any week, the cumulative return obtained was up to 15.68%.
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Abstract

Seleccion de portafolios difusos con redes neuronales difusas tipo
sugeno: invirtiendo en la Bolsa Mexicana de Valores

El objetivo de esta investigacion es comparar los rendimientos de la metodologia propuesta denominada como\
Portafolios Difusos con Redes Neurales Difusas Tipo Sugeno contra la teoria de portafolios de Markowitz;
buscando identificar el mejor modelo de inversidn. Para ello, se estudian diez acciones del mercado mexicano
en formato diario desde el 2 de enero 2015 hasta el 15 de mayo de 2020, con el fin de obtener portafolios de
inversion semanales desde el 15 de mayo hasta el 12 de junio de 2020. El principal resultado es que nuestra
metodologia reconoce el comportamiento de cada accién, genera una mejor gestion del riesgo y proporciona
mayor rentabilidad en comparacion con las técnicas tradicionales. La recomendacion es evaluar otras acciones
y mercados para verificar la eficiencia del modelo, la limitacion es que un analisis fundamental debe preceder a
la herramienta, y la originalidad es la nueva técnica propuesta. La principal conclusién es que el modelo de
seleccién de cartera basado en redes neuronales difusas generd dos portafolios sin rendimientos negativos
durante el periodo, la ganancia acumulada obtenida fue de hasta un 15.68%.
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1. Introduction

The new methodologies to identify patterns in stock prices have resulted in a considerable advance
in the research of technical and fundamental analysis, portfolio theory and, forecasting models.
However, buying and selling stocks in the market remains an activity that involves high uncertainty.

Nowadays is essential for investors and stockholders to get better techniques to find
advanced information on the stock price to obtain the highest returns. Therefore, to identify the
patterns and movements of stock prices, academics of the fuzzy theory have been generated different
hypotheses and methodologies that have demonstrated their capacity to forecast high uncertainty
variables.

Fuzzy time series are fuzzy relational equations and approximate reasoning (Song and
Chissom, 1993a). The authors based the model on the concept of uncertainty and imprecise
knowledge contained in time series data. As a noneconomic application, Song and Chissom (1993b)
presented the definition of fuzzy time series as an inherently dynamic process in which the
observations are linguistic values.

Tseng et al. (2001) mixed the ARIMA time series model and the fuzzy regression model to
develop a new methodology called the Fuzzy-ARIMA model. They applied it to forecast the exchange
rate of New Taiwan dollars (NTD) to the United States of America dollars (USD). The main
contribution of this paper is to provide decision-makers with the best and worst possible situations.

Relevant work on the topic is the Pal et al. (2018) paper; they forecasted diverse sets of time
series (some non-financial). They used neural network analysis to modify the adjustment of the
weights under fuzzy models of type 2. Their results showed that the model directs to recognize the
uncertainty of different time series. Similar Works are (Yu & Huarng, 2010; Xiao, 2017); (Han, Zhong,
& Han,, 2018); (Egrioglu, Aladag, & Yolcu, 2013); (Souza & Torres, 2018), (Medina-Reyes, Castro-
Pérez, Cabrera-Llanos, & Cruz-Aké, 2020).

The importance of the previously mentioned research is that fuzzy methodology better
predicts the behavior of stock prices and other financial industry variables. Therefore, this research
expects to incorporate fuzzy systems to improve the learning of neural networks and combining this
one with portfolio theory to generate portfolios with the highest returns.

On the other hand, portfolio theory provides the basis for establishing better management of
the risks inherent in financial assets, based on the use of the statistical properties of the time series
of stock prices (Markowitz, 1991).

Portfolio theory has been the main theoretical framework for the development of different
and numerous investigations. A way of researching is the combination of fuzzy theory, neural
networks, and portfolio theory.

The measuring of the risk-return on investment portfolios by fuzzy models are the
fundamental issues analyzed. The behavior of stock prices has a membership function that
recognized the portfolio that guarantees returns to investors with the minimum risk (Huang, 2008),
(Calvo, Ivorra, & Liern, 2014), (Kar, Kar, Guo, Li, & Majumder, 2018), (Ramli & Jaaman, 2019) and
(Shiraz, Tavana, & Fukuyama, 2020).
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The risk management portfolio problem has been an important area of analysis. An
alternative to minimize risk is to model stock price volatility through neural networks to find a more
efficient investment distribution and apply the portfolio theory to find the highest return portfolios
(Chen, Zhong, & Chen, 2020), (Zhang, et al., 2020), (Gong, Yu, Min, & Ge, 2021), (Galankashi, Rafiei, &
Ghezelbash, 2020), Guo, et al., 2020), (Li, & Deng, (2020) and (Khanjani, Tavana, & Fukuyama, 2020).

Raei (2006) combined Markowitz's model and showed that portfolios made by the
methodology generated a higher return than the conventional portfolio theory. The application of
neural networks to identify better management of a stock portfolio, looking for better profitability,
has been demonstrated to be a method that achieves a better distribution of weights of the assets in
a portfolio, ensuring a higher return compared to other methodologies (Fernandez & Gémez, 2007),
(Ko & Lin, 2008), (Igbal, Sandhu, Amin, & Manzoor, 2019) and (Yu, Deng, Chen, & Cheng, 2020).

The problem analyzed in this research is that the traditional portfolio selection models still
do not guarantee the best return or the lowest risk. The problem is that there are no models that
show 100% efficiency in the objective of maximizing the return on investors' resources, government
investments, workers' savings, investment trusts, and other investment funds.

The object of the present research is to compare the returns of the portfolios developed by
the proposed methodology called Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network
against Markowitz's portfolio theory and the growth of the Mexican stock market; to identify the best
investment model. For this purpose, we used ten stock time series in daily format from January 2,
2015, to May 15, 2020, to get the portfolios and assuming investment periods of a week in the period
May 15 to June 12, 2020. The suggested methodology recognized the behavior of each share,
generates better risk management, and higher returns in comparison with the traditional technique.

The hypothesizes is that the proposed technique generates higher returns and shows better
risk management than conventional portfolio selection methods. The portfolio selection
methodology based on the fuzzy theory has greater efficiency in the investing process.

We organize the research as follows: In the second section, we examined the Autoregressive
Nonlinear Fuzzy Neural Network; in the third section, we analyzed the Fuzzy Portfolio Selection with
Suggestive Type Fuzzy Neural Network; then, we obtained the Fuzzy Portfolio Selection of the
Mexican Actions; and finally, we discuss the conclusions and recommendations.

2. Hybrid Fuzzy Nonlinear Autoregressive Neural Network:
Fuzzy Triangular NARNET, Fuzzy Trapezoidal NARNET, and
Fuzzy Pentagonal NARNET

This section shows the theoretical structure of the Fuzzy Autoregressive Neural Network for three
cases. First, the neural network with a triangular membership function and its capacity to generate
volatility forecasts in financial variables. Next, we studied the neuronal network with trapezoidal
membership function in conjunction with its theoretical framework to generate estimations of high
volatility time series, as financial variables. Finally, we develop the pentagonal membership function
with the models from Medina-Reyes, Castro-Pérez, Cabrera-Llanos, and Cruz-Ake (2020).
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2.1 Fuzzy Triangular NARNET

The Fuzzy Triangular Autoregressive Neural Network is a Sugeno-type first-order model. This
method has three IF-THEN rules in the input layer, defined as:

Ry:tif yi_;is Ay then fi = wy Y1 + WigYe—z + -+ W1 Yeon
Ry:if yeiis Ay then f = WY1 + WarVe—o + -+ WiaVe—n (1)
R3:if ye_jis Az then f3 = w3 Vi1 + W3pYe2 + -+ Wn3Yip

wa, (Wi §)
1 Ay

0 Ay Az
Lbd Ubd

Figure 1. Triangular membership function
Source: Obtained from Medina-Reyes et al. (2020).

where Ry, R, and R; are the IF-THEN rules in the input layer; A1, A, and A5 are the fuzzy subset of

fuzzy time series, and each associated perceptron are f3, f>, and f; with their respective w weights.
Figure 1 shows the membership function p,, (w;;) of the fuzzy time series; and each IF-THEN

rule R corresponds to every fuzzy subset A. In this case, the fuzzy subsets are levels of volatility, and

the IF-THEN rules are the fuzzy learning functions of the neural network in the input layer.

The IF-THEN rules in the hidden layer are:

Ry:if ye—;is Ay then fi; = wia f1 + Wiz f1,
Ry:if yi_jis Ay then fi; = Wi fo + Winafo, (2)
Rs:if yi_;is Az then fi3 = Wy fs + Winafs,

where R4, R, and R; are the IF-THEN rules in the hidden layer; A;, A, and A5 are the fuzzy subset of
fuzzy time series, and each associated perceptron are fi;, fj,, and f;; with their respective w weights.

The advantage of this method compared to the traditional Autoregressive Neural Network is
that the proposed model learns from the volatility in three ways:

a) High volatility caused by good news,
b) high volatility generated by bad news and,
c) low volatility.
For instance, this method generates a forecast of the membership function of the fuzzy
volatility and the non-fuzzy volatility in comparison with the traditional model that only makes
forecasts on the non-fuzzy volatility.
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2.2 Fuzzy Trapezoidal NARNET

The second method is the Fuzzy Trapezoidal Membership Function on the Autoregressive Neural
Network. This network is a fuzzy first-order model of the Sugeno type, and its [F-THEN rules in the
input layer are determined as follows:

Ry:if ye—jis Ay then fi = wi Ve 1 + WiVe2 + o+ WinVen,
Ryiif yp_iis Ay then fy = wpYe 1 + WaaVe—z + -+ WonVion,
R3:if yi_iis Az then fs = w311 + W3Ve—p + - + W3nVion,
Ryrif yejis Agthen fy = wyiYe g +WaaVe—z + -+ WanVen,

3)

where R4, R,, R; and R, are the IF-THEN rules in the input layer; A, A5, A; and A, are the fuzzy
subset of fuzzy time series, and each associated perceptron are f3, f,, f5 and f, with their respective
w weights.

Figure 2 shows the membership function p,, (w;;) of the fuzzy time series; and each IF-THEN
rule R corresponds to every fuzzy subset A. In this case, the fuzzy subsets are levels of volatility, and
the IF-THEN rules are the fuzzy learning functions of the neural network in the input layer.

ﬂA‘(le)

A, A3

Al A4—
Lbd Ubd
Figure 2. Trapezoidal Membership function
Source: Obtained from Medina-Reyes et al. (2020).

In this case, uy,(w;;) is the trapezoidal fuzzy subset of each function, f, that is the fuzzy

perceptron with their respective, w, weights in the hidden layer of the neural network. Now the IF-
THEN rules in the hidden layer are:

Ry:if ye—iis Ay then fiy = Wiy fi + Wiz f1,
Ry:if y—iis Ay then fi; = w1 fo + Wiafo, (4)
R3:if yi_iis Az then fi3 = win f3 + winaf3,
Rytif yp—iis Ay then fia = wini fa + Wia fa.

The advantage of this method compared to the traditional Autoregressive Neural Network is
that the proposed model learns from the volatility in four ways:

a) High volatility caused by good news,

b) High volatility generated by bad news and,
c) Low high volatility

d) High low volatility.
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For instance, this method generates a forecast of the membership function of the fuzzy
volatility and the non-fuzzy volatility in comparison with the traditional model that only makes
forecasts on the non-fuzzy volatility.

2.3 Fuzzy Pentagonal NARNET

The third method is the proposed Fuzzy Pentagonal Membership Function on the Autoregressive
Neural Network. This network is a fuzzy first-order model of the Sugeno type, and its IF-THEN rules
in the input layer are determined as follows:

Ry:if yp_jis Ay then fi = wi Ve g + WiV o+ + WiV,
Ryiif ye—iis Ay then f = w1 ye 1 + WaVe—z + -+ WonVen,
R3:if yp—iis Az then fz3 = w31 yr 1 + W3aVe—z + -+ WanVen, (5)
Rytif yp_jis Ay then f = Wy Ve 1 +WarVe—p + - + WanVe—n,
Rs:if yr—iis As then fs = ws1 Y1 + W52V + -+ Wsp Vi,

where Ry, R, R3, R, and Rj; are the IF-THEN rules in the input layer; 44, 4,, A3, A, and Ag are the
fuzzy subset of fuzzy time series, and each associated perceptron are f;, f5, f3, f3 and f5 with their
respective w weights.

Figure 3 shows the membership function p,, (w;;) of the fuzzy time series; and each IF-THEN
rule R corresponds to every fuzzy subset A. In this case, the fuzzy subsets are levels of volatility, and
the IF-THEN rules are the fuzzy learning functions of the neural network in the input layer.

ta (Wi )

A3

A Ag

Lbd Ubd

Figure 3. Pentagonal Membership function
Source: Own creation in MatLab.

In this case, 4 is the pentagonal fuzzy subset of each function, f, that is the fuzzy perceptron
with their respective, w, weights in the hidden layer of the neural network. Now the “If-Then rules”
in the hidden layer are:

Ry:if ye_jis Ay then fi1 = Wi fi + Wia f1,
Ryiif ye_iis Ay then fi; = Wiy fo + Wina f,
R3:if ye—iis Az then fi3 = Wi f3 + Winaf3, (6)
Ryiif ye—iis Ay then fig = Wi fo + Winafy
Rs:if yi_iis Ag then fis = Wiy fs + Winafs'
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The advantage of this method compared to the traditional Autoregressive Neural Network is
that the proposed model learns from the volatility in four ways:

a) High volatility caused by good news,

b) High volatility generated by bad news and,
c¢) Low Low volatility

d) Low high volatility

e) High low volatility.

For instance, this method generates a forecast of the membership function of the fuzzy
volatility and the non-fuzzy volatility in comparison with the traditional model that only makes
forecasts on the non-fuzzy volatility.

2.4 Neural network structure

In the first phase, each node must be categorized into the respective membership function of the
fuzzy subset to which it belongs; this means that y, is the variable that feeds each node, i, and 4;
represents the fuzzy subset as a linguistic value in the fuzzy time series.

Ye =4; (7)

Where 4; is the fuzzy set of y;. Moreover, it expresses the fuzzy time series. In this specific
case, the membership function may be a triangular, trapezoidal, or pentagonal type. To improve the
learning function, we soften the information following the procedure of Garcia et al. (2002):

g = Vi1 — Bttt Ve o+ Yen) (8)
et 01 Y2+ F Vi)

In the second phase, the IF-THEN rules (1), (3), and (5) represent the nodes in the first layer.
That is, the nodes are the multiplication of the different signals and whose sum represents the output.

f=wize g +Wozi g+ o+ Wz, (9

In the third phase, the outputs of the previous step are the new signals that activate the
sigmoid function of the hidden layer, which is defined by the IF-THEN rules (2), (4), and (6).

fs() = (10)

1+ef
The last equation is a sigmoidal activation function. So, the next equation denotes the hidden
step.

(11)

fl = WlfS + WZfSi

We want to stress that in the last single node, we perform the sum of all the output signals of
the previous phases. The output variable, y;, is:
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Je=f %01+ Y2+ -+ Ven) + 0(t-1 + Ye—2 + -+ Yen) (12)

whereV; is the forecast of y;, o is the variance of the past values, and p represents the mean of the
lags. The Absolute Mean Deviation is the error function, such as:

5 13
o = Elye = §il (13)

n
The IF-THEN rules give the basis for the learning algorithm of the adaptive network based on
fuzzy inference. Also, it is interesting to note that a linear combination of the model parameters can
express the observations; this is:
(14)
f=wi(pyye + 1) + W (p2y: +r2)

Ye-1 . Pn,(Wu)

.uAl(W”)\‘\ (fk(")v e
Y-z @ - \/’ __‘“\

Fay (Wa1) \fl(e) —_— T Wt

Ye-z @
Ha, (Wn 1) Hin(Wm1)
6
Yt-n . #A,,(Wnﬂ
< |
<

Figure 4. Hybrid Fuzzy Nonlinear Autoregressive Neural Network
Source: Obtained from Medina-Reyes et al. (2020).

The main advantage of the proposed neural network compared to the Autoregressive Neural
Network is that we can decide the lags and the classification of the membership function. In other
words, our method allows defining how the neural network learns by controlling the weights of past
patterns and the membership function of the Time Series.

3. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural
Network

The portfolio theory assumes that risk management in investment requires a historical analysis of
stock prices. In other terms, the risk and expected return of an asset is correlating to past values of
the share. Therefore, the maximum expected return of Markowitz’s portfolio is the one generated by
the stocks in the past, indicating that the average behavior, size, and price variability of the selected
shares, provide the different portfolio distributions for several levels of returns.
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So far, portfolio analysis has concentrated on two modalities, the historical assessment with
the mean-variance theorem and the problem of how to obtain the appropriate parameters that will
take the weights of each asset in the portfolio.

The proposed methodology develops a new structure; to build the election of the expected
return of the financial assets in the portfolio, but the algorithm of the choice of weights that uses the
theory of portfolios is maintained.

Assumption one: The historical behavior of stock prices is a fuzzy neural network (Fuzzy
triangular, fuzzy trapezoidal, and fuzzy pentagonal NARNET). Then, the volatility is captured by a
neural network structure that incorporates market uncertainty through a membership function.

We propose to build the model through a fuzzy neural network; the historical profitability is
the forecast of the stock, and the volatility is the prediction error. Put it another way; the proposed
portfolio does not utilize the return either the volatility of the stock prices as a source for risk
management.

Assumption two: The expected return r; on an asset i is the forecast return of the fuzzy neural
networks rggyni-

(15)
Ti = TFFNNi

This assumption refers to the fact that the expected return on each asset used in the portfolio
will be the forecast provided by the fuzzy neural network applied for its analysis. Then, the expected
profitability of the fuzzy portfolio will be as follows:

N
Rpp = Z XFFNNi * TFFNNi (16)

where Ry, is the expected return of the fuzzy neural network portfolio, xgryy; is the vector of

weights, and rppyy; refers to the expected return of each asset. So, the expected return is the forecast
of fuzzy neural networks, and the risk source is the forecast error.

Ofp = ?’:1 MAD*xppnni (17)

Where of,, is the risk of the fuzzy portfolio, and MAD; is the mean absolute deviation that
represents the forecast error of the asset i. Then, the sum of the mistakes of each asset multiplied by
its respective weights in the portfolio gives us the risk of investing with this model.

The portfolio diversification model seeks to find the portfolio with the expected risk-return
combinations that comply with the (16) and (17) conditions of the asset price, which is subject to the
budgetary restriction or restriction of the allocated investment amount.

Optimize U(Ryp, 0fp)
Subject to

N
Ewi =1
i=1

(18)
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The restriction refers to the total amount you want to invest according to the individual

proportions of the assets, and each unit signifies the sum amount invested. If this restriction is higher
than one, the investor is investing with higher capital or with debt in the investment portfolio. On the
other hand, if this condition is lower than one, the investor is allocating fewer resources than
necessary to cover the portfolio. However, if the proportion of financial assets is negative, it means
that the investor is in a short position.

I1.

I1I.

IV.

VL

Then, the process of the fuzzy neural network portfolio model is the next:

Select the assets and sample to be analyzed.
Calculate the returns of the historical prices of each share as:

P
r; =In (——
' (Pt—1)

Model each time series of the last step as a fuzzy neural network. We recommend forecasting
the variable through the three models presented in the previous section ( fuzzy triangular
NARNET, fuzzy trapezoidal NARNET, and fuzzy pentagonal NARNET); and after that may be
used the mean of all prediction as (14) more details see (Medina-Reyes et al.,, 2020).

Obtain the prediction error of the neural networks estimated in the last section. After that,
using the average MAD of the three forecasts of each share as (16).

Optimize (17) subject to the sum of the weights is equal to one. We suggest optimizing the
portfolio for different objective values in the expected returns and prediction errors.

Select the best investment distribution according to the risk aversion of each investor.

= ' E

Step III

Select the assets and
sample to be analyzed

Step IV
Obtain the prediction error of
the neural networks

I StepV

Figure 5. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network Model
Source: Own creation in PowerPoint.

Model each time series as a
fuzzy neural network

Select the best investment distribution

Step VI
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4. Mexican Stocks Fuzzy Portfolio Selection

We structured the fuzzy neural network portfolio selection with ten assets3 of the Mexican stock
market. The period under review is from January 2, 2015, to May 15, 2020, in a daily format. First,
we analyzed the trend component, price volatility, and the main statistical elements of each share.
After, the three fuzzy neural networks proposed are applied to learn about the historical behavior of
every stock and forecast used in steps IIl and IV.

The initial assumption is that the assets were bought on Friday and sold the next Friday.
Therefore, the investment period is in a week. In other terms, the learning of the network is in a daily
format and the investment period is weekly. Furthermore, we do not consider the transaction costs
of buying and selling the stocks, so it obtained the gross return.

4.1 First-week portfolio

The portfolios correspond to week one was elaborated with the predictions of the fuzzy neuronal
networks. Upon carrying out the study, we found that the source of risk (forecast error) does not
comply with the criteria of the Markowitz methodology; on the other hand, the greater return implies
more risk. Figure 6 has three main components, the expected in white bars, the obtained in blue bars,
and the forecast error in the red line.

This research listed the fuzzy portfolios from one to fourteen, where the first one has the
lowest value and the last one the highest expected return. Also, the table below shows the values that
correspond to each of the components of the portfolios.

First Week's Portfolios
12.00% 1.39%

0,
10.00% 1.38%

1.38%

8.00%
1.37%

6.00% 1.37%

4.00% 1.36%

1.36%
2.00%
|:| [l [I 235%
0 = u|
0.00% R

-2.00% 1.34%
° P1 P2 P3 P4 BS) P6 P7 P8 P9 P10 P11 P12 P13 P14 °

Return obtained | 2.31% | 4.06% | 4.41% | 4.75% | 5.10% | 5.45% | 5.80% | 6.50% | 7.20% | 7.90% | 8.59% | 9.29% | 9.99% (10.28%
C— Expected return | 0.00% | 0.50% | 1.00% | 1.50% | 2.00% | 2.50% | 3.00% | 4.00% | 5.00% | 6.00% | 7.00% | 8.00% | 9.00% | 9.42%
® Forecasterror | 1.38% | 1.38% | 1.38% | 1.38% | 1.38% | 1.38% | 1.37% | 1.37% | 1.37% | 1.37% | 1.36% | 1.36% | 1.36% | 1.36%

Figure 6. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network, first week’s portfolios
Source: Own creation in Excel with data from Yahoo Finances.

3 The shares diagnosed are Alfa, S.A.B. de C.V.; American Movil, S.A.B. de C.V.; Bolsa Mexicana De Valores, S.A.B. de C.V,;
Grupo Financiero Banorte, S.A.B de C.V.; Grupo Industrial Maseca, S.A.B., de C.V.; Grupo Financiero Inbursa, S.A.B. de C.V;
Grupo Mexico, S.A.B. de C.V.; Megacable Holdings S. A. B. de C.V.; Genomma Lab Internacional, S.A.B. de C.V.
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P14 is the maximum expected benefit and, P1 the return equal to zero. The ratio (maximum
return divided by fourteen) is added to the previous target until it finds the maximum expected
return portfolio. Finally, solving the problem (17), we obtained the distribution of the weights of each
asset.

The results of week one show that all fourteen calculated fuzzy portfolios generated positive
returns. The portfolio P1 had an expected return of 0%, and finally, the return obtained is 2.31%. In
P14 areturn of 9.42% was expected, and 10.28% of the profit was obtained, which represents 0.86%
more than expected. These outcomes say that the portfolio selection model provides the investment
combinations that guarantee positive returns, and with it, the reduction of the risks faced by
investors.

The red line shows that the forecast error decrease. The tendency is the result that fuzzy
neural networks estimate better the behavior of the assets predicted. And these forecasts help our
model to select higher return portfolios. But this result does not indicate that the risk is lower.

4.2 Second-week portfolio

In week two, we have a total of 28 different portfolios, figures 36 and 37. The portfolios are divided
into 14 with and 14 without training. The training refers to the incorporation of the new information
into the neural network. In other words, the neural network with training is annexed in the week of
May 18 to 22 to generate the forecast of May 29. And in the portfolios without training, the neuronal
network learns until May 15, and an out-of-sample forecast is generated until May 29. In this case,
we get the weekly profitability and assume the buy day of the asset is on May 22nd, and the sale is on
May 29th.

Second Week's Portfolios

7.00% 1.39%
6.00% 1.38%

5.00% 1.38%

1.37%
4.00%
1.37%

3.00%
1.36%

2.00%
1.36%

1.00% 1.35%

0.00% O 1.35%

-1.00% 1.34%
° P1 P2 P3 P4 P5 P6 P7 P8 L) P10 P11 P12 P13 P14 ’

Return obtained | 1.72% | 1.63% | 1.54% | 1.45% | 1.36% | 1.27% | 1.18% | 1.09% | 1.00% | 0.90% | 0.81% | 0.72% | 0.63% | 0.54%
C— Expected return | 0.00% | 0.50% | 1.00% | 1.50% | 2.00% | 2.50% | 3.00% | 3.50% | 4.00% | 4.50% | 5.00% | 5.50% | 6.00% | 6.50%
® Forecasterror | 1.38% | 1.38% | 1.38% | 1.38% | 1.38% | 1.38% | 1.37% | 1.37% | 1.37% | 1.37% | 1.36% | 1.36% | 1.36% | 1.36%

Figure 7. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network second week without
Training
Source: Own creation in Excel with data from Yahoo Finances.
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Week two without training, figure 7 shows that all the fuzzy portfolios had positive returns.
In portfolio P1 there is an expected return of 0%, and a weekly return was 1.72%. So, in portfolio P14
there is an expected return of 6.14%, and the profit was 0.54% which corresponds to 5.92% less than
the estimated value. This result shows that the portfolio selection model provides investment
combinations that can guarantee positive returns, and with it, diminish the risks faced by investors.
In comparison with week one, we obtained less return.

Second Week's Portfolios

7.00%
6.00%
5.00%
4.00%
3.00%
2.00%

1.00% [l |:|
0.00% - D
L]
_ 0
1.00% P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14
Return obtained | 1.71% | 3.54% | 3.39% | 3.11% | 2.79% | 2.48% | 2.17% | 1.86% | 1.54% | 1.23% | 1.16% | 1.05% | 0.42% | -0.56%

C— Expected return | 0.00% | 0.50% | 1.00% | 1.50% | 2.00% | 2.50% | 3.00% | 3.50% | 4.00% | 4.50% | 5.00% | 5.50% | 5.75% | 5.97%
® Forecasterror | 1.34% | 1.54% | 1.53% | 1.52% | 1.51% | 1.49% | 1.48% | 1.46% | 1.45% | 1.44% | 1.48% | 1.49% | 1.50% | 1.50%

Figure 8. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network second week with
Training
Source: Own creation in Excel with data from Yahoo Finances.

The condition of the neural network with training refers to that the synaptic weights are
updated and considers whole information up to the moment of investment. In other terms, the May
29th forecast is calculated with information updated to May 22nd, 2020, this allows to generate
different portfolio selections.

Figure 8 shows that the calculated fuzzy portfolios generated positive returns. In P1 there is
areturn of 0%, and a weekly return of 1.71% observed. In P14 there is a return of 5.97% and -0.56%
of real profit, representing -6.52% less than expected. This outcome shows that the portfolio
selection model provides investment combinations that can guarantee positive returns in all
investment cases, diminishing the risks faced by investors.

In week two the portfolios with training are in general the ones that indicate higher benefits.
Being P2 and P3 in figure 8, those that provided the highest weekly return with 3.54% and 3.39%.
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4.3 Third-week portfolio

Week three corresponds to the buying of the assets on May 29 and the selling of the portfolio on June
5. In week three there is a return behavior of the assets positive, the stocks have positive results, the
conditions of the stock market presented increases in the prices.

Figure 9 shows the results of the third week without training, the fourteen fuzzy portfolios
generated positive returns. In P1 the expected return is 0%, and a weekly return was 10.85%. In P14
areturn of 0.74% in the portfolio, and it found a benefit of 3.75%, which represents 3.01% more than
expected. Therefore, the portfolio selection model provides investment combinations that can
guarantee positive returns and thus manages to reduce the risks faced by investors.

Third Week's Portfolios

12.00%
10.00%
8.00%
6.00%
4.00%
2.00%

0.00%

-2.00% P1 P2 P3 P4 BB P6 P7 P8 P9 P10 P11 P12 P13 P14
Return obtained {10.85%)| 4.32% | 4.29% | 4.26% | 4.24% | 4.21% | 4.18% | 4.16% | 4.14% | 4.11% | 4.08% | 4.05% | 4.02% | 3.75%
C— Expected return | 0.00% | 0.06% | 0.12% | 0.18% | 0.24% | 0.30% | 0.36% | 0.41% | 0.47% | 0.53% | 0.59% | 0.65% | 0.71% | 0.74%
® Forecasterror |1.27% |1.17% | 1.17% | 1.17% | 1.17% | 1.16% | 1.16% | 1.16% | 1.16% | 1.16% | 1.16% | 1.16% | 1.16% | 1.15%

Figure 9. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network third week without
Training
Source: Own creation in Excel with data from Yahoo Finances.

Figure 10 shows that the fuzzy portfolios generated positive returns. In P1 a return of 0% was
expected and a weekly return of 5.74% was finally observed. In P14 a return of 0.91% was expected
and 3.78% of the profit was obtained, representing 2.77% more than expected.
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Third Week's Portfolios
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Return obtained | 5.74% | 5.64% | 5.54% | 5.43% | 5.33% | 5.23% | 5.12% | 5.02% | 4.92% | 4.81% | 4.71% | 4.42% | 4.03% | 3.78%#®
C— Expected return | 0.00% | 0.07% | 0.14% | 0.21% | 0.28% | 0.35% | 0.42% | 0.49% | 0.56% | 0.63% | 0.70% | 0.77% | 0.84% | 0.91%
®  Forecast error 1.21% | 1.20% | 1.20% | 1.20% | 1.19% | 1.19% | 1.19% | 1.18% | 1.18% | 1.17% | 1.17% | 1.16% | 1.16% | 1.15%

Figure 10. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network third week with
Training
Source: Own creation in Excel with data from Yahoo Finances.

In week three on average the portfolios of neural networks without training guarantee
greater return, however, the portfolio with the highest return is P1 in Figure 9 with a 10.85% gain.

4.4 Fourth-week portfolio

Week four corresponds to the buying of the assets on June 5, and the selling of the portfolio on June
12. In the fourth week, the general behavior of financial assets in the Mexican stock market was
negative, at the end of the week, the IPC had a weekly fall of 3.31%. This decrease is reflected in the
investment portfolios developed with our method.

Figure 11 depicts that twelve fuzzy portfolios generated negative returns. In P1 a return of
0% was expected, and a weekly return of 0.80% was finally observed. In P14 a return of 10.67% was
expected, and -2.68% of the profit was obtained, representing 12.01% less than expected. In this case,
portfolios with untrained neural networks only P1 and P2 generated positive returns.
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Fourth Week's Portfolios

12.00%
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8.00%
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4.00%

2.00% [I [I

000% - =0 [

-2.00%

-4.00% P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14
Return obtained | 0.80% | 0.39% |-0.03% | -0.44%/|-0.86%|-1.28%|-1.69% | -2.11%|-2.32% | -2.52% | -2.74% | -2.89% | -2.87% | -2.68%

C— Expected return | 0.00% | 0.83% | 1.66% | 2.49% | 3.32% | 4.15% | 4.98% | 5.81% | 6.64% | 7.47% | 8.30% | 9.13% | 9.96% |10.67%
® Forecasterror | 1.26% | 1.28% | 1.30% | 1.38% | 1.33% | 1.35% | 1.36% | 1.38% | 1.40% | 1.41% | 1.44% | 1.48% | 1.52% | 1.56%

Figure 11. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network fourth week without
Training
Source: Own creation in Excel with data from Yahoo Finances.

Figure 12 shows that all fourteen calculated fuzzy portfolios generated positive returns. In P1
a return of 0% was expected and a weekly return of 0.22% was finally observed. In P14 a return of
8.42% was expected and -2.68% of the profit was obtained, representing 10.20% more than
expected. Neural network portfolios with P1-only training generated positive returns. Therefore, the
risk in the proposed models is lower than the market, the highest loss that was had with the portfolios
was 2.78% which is 0.53% lower than the market.

Fourth Week's Portfolios
10.00%
8.00%
6.00%
4.00%

2.00% [l [I ”
0.00% =- =0 [

-2.00%

o )
4.00% P1 P2 P3 P4 B3 P6 P7 P8 P9 P10 P11 P12 [PALE) P14

Return obtained | 0.22% |-0.16%)-0.54%|-0.92%-1.30%|-1.68% |-2.06%-2.35%|-2.50% | -2.53%-2.67%|-2.82%|-2.79%-2.68%
[ Expected return | 0.00% | 0.65% | 1.30% | 1.95% | 2.60% | 3.25% | 3.91% | 4.56% | 5.21% | 5.86% | 6.51% | 7.16% | 7.81% | 8.42%
® Forecasterror | 1.28% | 1.29% | 1.30% | 1.32% | 1.33% | 1.38% | 1.36% | 1.38% | 1.39% | 1.40% | 1.43% | 1.46% | 1.50% | 1.54%

Figure 12. Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network fourth week with
Training
Source: Own creation in Excel with data from Yahoo Finances.
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4.5 Optimum Fuzzy Portfolio

This section analyses the behavior of investment portfolios over the four weeks studied. Also, a
comparison is made of the portfolios identified with the proposed model against the Markowitz
methodology and the return on the stock market using the IPC.

The optimal portfolio refers to the distribution of the investment in assets that satisfies an
established criterion, this refers to that investment that guarantees the maximum return with the
minimum risk, in the Markowitz theory is at the efficient frontier. This type of analysis is done by the
combination of risk-return, which provides the best investment consistent with the aversion to the
risk of the investor.

The main problem with the proposed method is that it does not allow the development of the
efficient frontier since the source of risk does not depend on the behavior of the asset but on the
capacity of the model to adjust to the volatility of the time series. Thus, the risk condition presented
by the suggested model does not follow the behavior expected in conventional portfolio theory.

So, in this research the optimal model is the one that guarantees the greatest profitability with
the least risk. Tables 1 to 4 show the weekly return per portfolio and the final value of each of the
investments, comparing the results of the proposed portfolios about three derivatives of the
Markowitz theory and the stock market.

Table 1 shows the comparison of the P1 to P7 portfolio against the return of the IPC, the
maximum return portfolio, zero return, and the minimum risk portfolio of Markowitz. In week 1, the
P7 portfolio generated a return of 5.80%, which is the one that provided the highest earnings of the
compared portfolios. The market only produced 0.26% of weekly revenues. Also, the 7 portfolios
presented at least 0.60% more returns than those developed with the conventional portfolio theory.
Comparing the two lowest risk models, P1 with the Markowitz minimum risk aversion, the proposed
methodology generated 1.81% higher returns than the conventional model.

The second week showed the same behavior as the previous week, portfolios based on fuzzy
neural networks generated higher profitability than the benchmarks. In this case, the market had a
weekly growth of 0.92% while the P1 portfolio had weekly profitability of 1.72%, which represents
0.78% more profit. Whereas the two minimum risk portfolios Markowitz and P1 had a difference of
1.57% of profitability, is the fuzzy portfolio the one that provided the highest gains. This week the
Markowitz portfolios generated the lowest returns.
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Table 1. Comparison of weekly returns on non-training portfolios, part one.

DATE TRAINING 2 WEEKS PRIOR MARKOWITZ PORTFOLIO
IPC THEORY
Buy Sell Week\ P1 P2 P3 P4 P5 P6 P7 RETURN | Maximize | Zero Minimal
Portfolio return return risk
53/05/20 22/05/2020 1 2.31% | 4.06% | 441% | 4.75% | 5.10% | 5.45% | 5.80% 0.26% 1.70% 1.27% 0.52%
23/05/20 29/05/2020 2 1.72% 1.63% 1.54% 1.45% 1.36% 1.27% | 1.18% 0.94% -0.42% -0.49% 0.15%
33/05/20 05/06/2020 3 10.85% | 4.32% | 4.29% | 4.26% | 4.24% | 4.21% | 4.18% 7.53% 2.18% 2.50% 0.36%
(2)3/06/20 12/06/2020 4 0.80% | 0.39% | -0.03% | -0.44% | -0.86% | -1.28% | -1.69% -3.31% 0.70% 1.90% 1.20%
Cumulative | 15.68% | 10.40% | 10.21% | 10.02% | 9.84% | 9.66% | 9.47% 5.42% 4.15% 5.17% 2.22%
return
Source: Own creation in Excel with data from Yahoo Finances.
Table 2. Comparison of weekly returns on non-training portfolios, part two.
DATE TRAINING 2 WEEKS PRIOR MARKOWITZ PORTFOLIO
IPC THEORY
Buy Sell Week\ P8 P9 P10 P11 P12 P13 P14 RETURN | Maximize | Zero Minimal
Portfolio return return risk
;3/05/20 22/05/2020 1 6.50% | 7.20% | 790% | 859% | 9.29% | 9.99% 10.28 0.26% 1.70% 1.27% 0.52%
%
33/05/20 29/05/2020 2 1.09% 1.00% | 090% | 0.81% | 0.72% | 0.63% | 0.54% 0.94% -0.42% -0.49% 0.15%
33/05/20 05/06/2020 3 416% | 414% | 411% | 4.08% | 4.05% | 4.02% | 3.75% 7.53% 2.18% 2.50% 0.36%
(2)3/06/20 12/06/2020 4 2211% | -2.32% | -2.52% | -2.74% | -2.89% | -2.87% | -2.68% -3.31% 0.70% 1.90% 1.20%
Cumulative | 9.64% | 10.02% | 10.38% | 10.75% | 11.18% | 11.78% | 11.89 5.42% 4.15% 517% 2.22%
return %

Source: Own creation in Excel with data from Yahoo Finances.
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Table 3. Comparison of weekly returns on training portfolios, part one.
DATE CONTINUOUS TRAINING MARKOWITZ PORTFOLIO
IPC THEORY
Buy Sell Week\ P1 P2 P3 P4 P5 P6 P7 RETURN | Maximize | Zero Minimal
Portfolio return return risk
23/05/20 22/05/2020 1 231% | 4.06% | 441% | 4.75% 5.10% 545% | 5.80% 0.26% 1.70% 1.27% 0.52%
5(2)/05/20 29/05/2020 2 1.71% 3.54% 3.39% 311% | 2.79% 248% | 2.17% 0.94% -0.42% -0.49% 0.15%
38/05/20 05/06/2020 3 5.74% 5.64% 5.54% 5.43% 5.33% 523% | 5.12% 7.53% 2.18% 2.50% 0.36%
23/06/20 12/06/2020 4 0.22% | -0.16% | -0.54% | -0.92% | -1.30% | -1.68% | -2.06% -3.31% 0.70% 1.90% 1.20%
Cumulative 9.98% | 13.07% | 12.79% | 12.37% | 11.93% | 11.48% | 11.03 5.42% 4.15% 5.17% 2.22%
return %
Source: Own creation in Excel with data from Yahoo Finances.
Table 4. Comparison of weekly returns on training portfolios, part two.
DATE CONTINUOUS TRAINING MARKOWITZ PORTFOLIO
IPC THEORY
Buy Sell Week\ P8 P9 P10 P11 P12 P13 P14 RETURN | Maximize Zero Minimal
Portfolio return return risk
53/05/20 22/05/2020 1 6.50% 7.20% 7.90% | 859% | 9.29% | 9.99% 10.28 0.26% 1.70% 1.27% 0.52%
%
23/05/20 29/05/2020 2 1.86% 1.54% 1.23% 1.16% 1.05% 0.42% | -0.56% 0.94% -0.42% -0.49% 0.15%
33/05/20 05/06/2020 3 5.02% | 4.92% | 4.81% | 4.71% | 4.42% | 4.03% | 3.78% 7.53% 2.18% 2.50% 0.36%
(2)3/06/20 12/06/2020 4 -2.35% | -2.50% | -2.53% | -2.67% | -2.82% | -2.79% | -2.68% -3.31% 0.70% 1.90% 1.20%
Cumulative | 11.03% | 11.16% | 11.40% | 11.80% | 11.94% | 11.65% | 10.83 5.42% 4.15% 5.17% 2.22%
return %

Source: Own creation in Excel with data from Yahoo Finances.
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In week three the portfolio showed the best results of the study period. The market increased
7.31% this week, and only the P1 portfolio improved this growth with a 10.85% return which
represents 3.32% more gains in the fuzzy portfolio. On the other hand, all the portfolios based on the
proposed method exceed returns compared to those obtained with the conventional portfolio theory,
being 2% the minimum profitability with which the proposed models exceed the Markowitz ones.
However, the P2 to P7 portfolios all had lower results than the market.

On the other hand, week four was the week that generated the largest losses in the period
studied. The market had a fall of 3.31% weekly, however, any portfolio in table 1 generated a loss as
big as the market, being P7 the portfolio with the biggest negative return with 1.69% which
represents a loss of 1.62% less than the market. Besides, the P1 and P2 portfolios are the only ones
that generated gains from those built with the proposed methodology. However, this week
Markowitz portfolios showed better results being the portfolio with zero return the one that had a
1.90% gain.

Table 2 is the continuation of the portfolios without an update in the training of the fuzzy
neural network. These correspond to P8 to P14, in week one was found the second portfolio that had
the best gains, of the period of analysis, which was P14 with 10.28%, in this same week all the
portfolios of the proposed methodology provided better results in comparison with the conventional
models and the market. In week two this behavior is different for this set of portfolios, as only P8 and
P9 improve market growth, but all 7 portfolios have higher returns than Markowitz portfolios.

In week 3 the performance of P8 to P14 was lower than the market but higher than that of
the Markowitz portfolios. In this case, the portfolio's return range was 3.75% to 4.16%; therefore,
portfolios that target lower expected returns provide higher returns than those with high expected
returns.

Tables 3 and 4 show the portfolios with neural network training. This means that each week
the forecast of fuzzy neural networks was made considering the information of the last week that the
financial assets were listed. For example, week-one was forecasted with information until May 15,
week-two with information until May 22, week three with the quotes of the assets that correspond
to the week that closed on May 29, and finally, week four has the fuzzy neural network forecasts with
information until June 5. Therefore, all the synaptic weights of the neuronal networks are different
each week.

Table 3 shows the portfolios with training corresponding to the 7th with the lowest expected
returns; week-one is the same in the two types of networks used to generate forecasts, considering
that there is no update of the information. The changes can be observed from the second week, where
the portfolios with neural network training provide the best results for this week being P2 the best
portfolio with the profitability of 3.54%, greater than the Markowitz methodology and the market.

Table 4 shows the results of the seven portfolios with the highest expected returns from the
fuzzy neural network portfolios with training. The main results are shown in weeks 2 and 3, in which
the distribution of assets by fuzzy neural networks demonstrates higher returns than the Markowitz
model.

Finally, the conditions of the Mexican stock market have allowed for the optimal application
of the Diffuse Neuronal Network, which allows for accurate predictions on the selected portfolio. In



Revista Mexicana de Economia y Finanzas, Nueva Epoca, Vol. 16 TNEA, pp. 1- 25, €583 21
DOI: https://doi.org/10.21919/remef.v16i0.583

addition, the proposed method is a short-term model, because the fuzzy forecast is efficient in the
first 10 days.

Thus, our method comes into the field of speculative investment and participates with
methods such as Technical Analysis and Portfolio Theory. In the case of technical analysis, our
technique also finds patterns in stock prices, but it exceeds the results provided by the technical
analysis method because it provides the percentage of investment per asset. And Portfolio Theory,
differs in the recognition of price volatility, so the results offered by the proposed process provide a
higher return.

5. Conclusion and recommendation

The main conclusion of this research is that the model of portfolio selection based on fuzzy neural
networks offers better results than the traditional method of portfolios. The reason is that the fuzzy
neural networks provide early information on the behavior of asset price volatility, thereby allowing
the selection of the assets with the highest expected returns.

This document proposes an alternative for the selection of portfolios. The model developed
presents a modification of the main assumption of the portfolio theory, the expected return, and the
risk, which consists in that the source of risk and the measurement of the return is projected through
diffuse neural networks.

In other words, the expected return of this model is measured through the projection of
financial stock prices, and the risk is analyzed through the projection error. The selection of the assets
in the portfolio maintains the same optimization problem, where only the sources of information
change, so the technique presented does not use the variance-covariance matrix or the historical
mean return.

In the period of study, the accumulated return of the proposed model provided up to 300%
higher profitability than the Markowitz method and market growth. The fuzzy portfolio that obtained
the highest returns is the P1 without training with an accumulated return of 15.68% in four weeks,
so, the market generated an accumulated return of 5.42%, and the portfolio of maximum return
generated an accumulated return of 4.15%. These results provide evidence that the proposed
technique allows the identification of investment portfolios with better returns compared to the
Markowitz model and the growth of the Mexican market.

The study found 3 models that did not have negative returns, P1 with training had a return of
9.98%, the portfolio without training P1 was 15.68%, and the portfolio with minimum variance
Markowitz with a cumulative return of 2.22%. The risk-minimization model then generated gains at
the end of the period, however, the Markowitz technique provided significantly less return than the
proposed portfolios. Therefore, we concluded that the optimal portfolio is P1 because it has the best
risk-return combination of the portfolios analyzed.

The improvementin the estimation of the models presented is attributed to the incorporation
of a primary element within the fuzzy theory, that is, the membership function. In these methods, the
membership function is considered as a classifier of volatility, which plays a very important role in
the forecast of the time series, supported in the identification of the degrees of uncertainty associated
with the diverse economic, political, and social conditions that can impact in the behavior of the stock
market.



22 REMEF (The Mexican Journal of Economics and Finance)
Fuzzy Portfolio Selection with Sugeno Type Fuzzy Neural Network: Investing in the Mexican Stock Market

A key result is that the application of fuzzy theory within the traditional neural network
methodology generates a relevant contribution in the study of the non-linearity of financial time
series. This is attributed to the fact that the proposed models better recognize the uncertainty of
variables with high volatility in their behavior because the combination of both methodologies
generates classified learning of the existing uncertainty in the time series to achieve more accurate
forecasts.

The main contribution of this research is the proposed new methodology for portfolio
selection, which allows investors to select investment portfolios with higher returns compared to
Markowitz's portfolio theory and general market results. Therefore, the portfolio selection
methodology with fuzzy neural networks allows stock market investors to maximize their
investments by identifying combinations of stocks that generate higher returns.

Thus, the proposed method allows investment managers to find the portfolios that will
maximize the return on savings and capital for economic agents in Mexico. This allows for
maximizing returns on workers' savings, family savings, corporate investments, government funds,
corporate cash management, etc. In other words, this new technique allows for greater returns on
the resources of Mexican society.

The recommendation of this study is to replicate the proposed methodology for other periods
and financial assets in the Mexican market. Also, to diversify the terms and types of financial
instruments, in the Mexican market and another market. In this way, ensure better risk management,
with a model that provides higher returns.
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